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ABSTRACT. Strictly regular elements play a role in the structure theory of
Freudenthal triple systems analogous to that played by idempotents in nonassocia-
tive algebras with identity. In this paper we study the coordinatization of reduced
triple systems relative to a connected pair of strictly regular elements and use the
explicit form of strictly regular elements in terms of the coordinatization to prove
uniqueness of the coordinatizing Jordan algebra, as well as several generalizations
of known results regarding groups of transformations related to triple systems.
Finally, we classify forms of a particularly important triple system (the representa-
tion module for the Lie algebra E.) over finite, p-adic or real fields.

Following Freudenthal [7], Meyberg [9] and Brown [1] have introduced an
axiomatic approach to the study of the ternary algebraic structure of the minimal
dimensional module for the Lie algebra E,. In particular, this module is one of a
class of ternary algebras we refer to as Freudenthal Triple Systems (FTS). In
this paper we analyze further the internal structure of such algebras using as a
basic tool the Peirce decomposition relative to a pair of supplementary strictly
regular elements. Using this decomposition we obtain, in a manner similar to [1],
a coordinatization theorem—every simple, reduced FTS is isomorphic to M),

a member of a small class of Jordan algebras specified in S1. In $6 we analyze
the forms of strictly regular elements in J(J) and use the results to show

M) = MR) if and only if S and R are norm equivalent. In $7 the action of the
group of g-similarities on the strictly regular elements is studied, yielding con-
jugacy theorems generalizing a result of Brown [1], as well as information regard-
ing ratios of similitudes generalizing results of Faulkner [4] and Seligman
(unpublished). Results of this section are useful also in the classification problem
for Lie algebras of type E.. In the final section we classify completely all forms
of MY, I exceptional central simple, for finite, p-adic, or real fields.

In (5], symplectic algebras (an asymmetric version of FTS’s) are studied,

yielding different proofs of several results obtained in this paper.
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We assume throughout that all algebras are finite dimensional and all fields

are of characteristic # 2, 3.

1. Construction of a class of FTS’s. A Freudenthal Triple System is a vector
space Il with trilinear product (x, y, z) — xyz and skew bilinear form (x, y) —
(x, ¥) such that

Al. xyz is symmetric in all arguments;

A2, q(x, y, z, w) =(x, yzw) is a nonzero symmetric 4-linear form;

A3. (xxx)xy = (y, x)xxx + (y, xxx)x for x, y €L,

A2 is equivalent to

A2'. (x, yLz’z)= - (xLz'z, y), (%, xLxx) £ 0 where Lx'y: z — xyz.

Linearizing A3 completely yields

(xuv)yz + (zuv)xy + (xuzlvy + (xvz)uy
(1) =(y, W)xvz + (y, v)xuz + (¥, 2)xuv + (y, x)uvz
+ (Vs XVZYu +(y, XuZ)v + (y, uvx)z +(y, uvz)x.

The prototype FTS is constructed as follows: Let YN, 1) be the quadratic
Jordan algebra of an admissible cubic form N with basepoint 1, T(a, &) the
associated trace form, @ — a" the associated quadratic mapping and a x b =
(a + )" - a* —b". By [10], assuming T(a, b) nondegenerate, we have PLA
N(a)a, N1) =1, T(a x b, c) =6N(a, b, c). Define W) ={(a,, a,, a;, a,)| a, €F,

a, € 3} and define on M(J) the forms
(x, y) =a,B,-a,B, + T(a,, b,) - T(a,, bl)'
q(x) =12(40,N(a,) + 4a,N(a,) - 4T(a}, a}) + (T(a,, a,) - @, @,)?)

Whefe X = (al’ azy al’ az), Yy = (B19 Bz, bl’ bz)~
We let gq(x, y, z, w) denote the linearized form of g(x) and define xyz by

qw, x, y, z) = (w, xyz) for all w e M(T).

Since { , ) is clearly nondegenerate, the product is well defined. One easily
sees that Al and A2 are satisfied. That A3 is valid follows directly from the
arguments of Brown [1, Lemmas 9 and 10(d)]..

Since the proof of A3 depends only on the fact PLL N(a)a, we can construct
a degenerate case JJ) as follows. Let J(Q, ) be the Jordan algebra of the qua-
dratic form Q with basepoint ¢ [10], T(a, b) = Q(a, b*), and define a" = N(@) =0
for all @ € 3. I(J) is once again a FTS with nondegenerate form(, ) if Q is
nondegenerate. The algebra obtained in this manner can also be realized in terms
of a skew bilinear form on a vector space I (see [9]).

For later use we establish
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1.1 Lemma. If 3, =S3(Q, c) is the Jordan algebra of a nondegenerate
quadratic form, there is a quadratic Jordan algebra (N, 1) such that M(T,) is
isomorphic to a subalgebra of TJ).

Proof. Let N = 30:\,@ 3ot be a sum of copies of J, %0 = Fu + N. Define a
quadratic form Q, on 30 by Qo(au +a+bt)=a’- Qia*, b). Q, is a nondegen-
erate quadratic form and the Jordan algebra J = Fe ®J, with cubic form N as in
[10, p. 506] and basepoint e is the algebra of an admissible form. Moreover, it
is easy to check that ¢: (a, B, 4, b) — (a, B, 4, bt), a, b € 3, is a linear
transformation of T ) into M) which preserves both (-, -) and ¢( - ), hence

is an isomorphism.

2. Ideals in Freudenthal triple systems. A subspace %t of a FTS I is an
inner ideal if RMN C N, an ideal if MNMC N. Clearly ideals are inner, but the
converse can be shown to be false. M is simple if there are no proper ideals in M.

Simple FTS’s are characterized by

2.1 Theorem. I is simple iff (-, -) is nondegenerate.

Proof. If x € R = radical of (-, =), 0 =(x, yLz'w)= - (XLz,w' y) for all
y €M by A2, thus R is an ideal. Conversely, assume £ {0} is a proper ideal
of M. For y €M with g(y) £0, 1) with u=v =y =2z yields 3xL§y =
2y, x)yyy + 2(x, yyy)y + qly)x. Writing T = Fy @ Fyyy ® (Fy ® Fyyy)* and

considering the action of L)zly on summands yields

(2) Lyy is nonsingular if g(y) #£ 0,

An immediate consequence is that 1 contains no element with g(y) £ 0. Further,
if q(y) #0 we have yyy #0. For x € R we consider w = (yyy)yx = (x, y)yyy +
(x, yyy)y € ® and note that wLyy =(x, alyly + (x, yyy)yyy € N also. Since

(1) implies

3) alyyy) = 99(y)>

we have yyy ¢ N. If either (x, y) or (x, yyy) is nonzero, we must thus have
wl =kw k = (x, yyy)(x, y)~ 1. Equating coefficients then yields q(y) = ki
for any x with (x, y) #0. Since k_y +yyy €%, previous remarks imply

0= q(kxy + yyy), but direct computation of g(k_y + yyy). yields 4q(y)2 £0, a
contradiction. Thus for all y € I with g(y) # 0 we have (x, y) = 0. A density
argument then implies x € ® so N C R,

2.2 Corollary (to proof). R is the unique maximal ideal in M and M/R is

simple,

2.3 Corollary. The systems M) of $1 are simple.
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While simple FTS’s may contain inner ideals, we have the following restriction

on their structure.

2.4 Theorem. Let M be a simple FTS, N CM an inner ideal, x, y €. Then
(x, y) = 0= xxx.

Proof. By (2), (z) = 0 for all z € so by linearization (w, zzz) =0 for all
w,zeN, If §R0 denotes the radical of (-, —) » for x € 3?0, u €M, (xxx, u) =
(xxu, x)=0 so xxx e R=1{0} If x ¢ §R0,

(w, x)xxx by A3 and the above remark. Now for any z €M, (w, x)(u, xxx) =

w €N with (x, w) £ 0, (xxx)xw =

(u, (xxx)xw) = = (uxw, xxx)= 0 so xxx € ® = {0} and the triviality of the product
is established.

Assume now there are x, y € with e y)# 0. Then uL, L .=
(v, ®uL_ .+ (y, uL, )x forall u €M by (1). Since the product in R is trivial
izLx'xLy'x =0 and (y, uLx'x) = 0. Thus(y, x)uLx'x =0 so Lx'x = 0.

From (1) with z = x we have forall », v, y € I,

4) (xuv)xy = (y, xyxuv + (y, xuv)x

so, for u, z €M with (z, x) = (&, x) = 0 we have (y, 0)(z, xuu)= (z, (xuu)xy) =
((xzy)xu, u)= 0, the last equality following from expansion of (xzy)xu via (4).

Again assuming (x, y) # 0 we have (xL , z)=0 forall z, u¢ (Fx)t and,
since (, ) is nondegenerate xLu.u =a.x a, € F. From (4) with v=1u, 0=
2a,{y, #)x so a,=0. Now for any v e R, (L, , %)=0 so ?mLu’u C(Fx)* forall u €
(Fx)* and (Fx)* is an inner ideal. Moreover, for all z, w € I, (xL_ , %) = (¥xz, w)=0
since L =0 so FxMM C (Fx)t. For y €M with ¢(y) # 0 this implies (x, y)£ 0,
(x, yyy) £0 and (yyy)yx = (x, y)yyy + (x, yyy)y € (Fx)*. Taking inner products
with x yields 0= 2(x, y)(x, yyy), a contradiction. Thus we have for all x, y eN,
(x, y) = 0 as desired.

2.5 Corollary (to proof). Let M be a simple FTS, x €M such that L = 0.
Then x = 0.

We remark that for symplectic algebras, the analogue of Theorem 2.1 has been
proved in [2].
Henceforth we restrict attention to simple FTS’s.

3. Strictly regular elements in simple FTS’s. » €Wl is strictly regular if
?mLu'u C Fu. Such elements play a role in the structure theory of FTS’s analogous
to that of idempotents in nonassociative algebras with identities. If « is strictly
regular, (2) implies ¢(z) = 0, so 0= fw)u= uLZ'u = Biu where wux = 3 _u. Thus
B, = 0. Now taking x = u =z in (1) we obtain B B u= 2(y, u)B,u and since, by
Corollary 2.5 there is v €l with B # 0 we have
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yL, ,=2(y, w)u,

) q(u, u, x, y) =2y, u)(x, u) for all x, y € Il

In determining explicit forms of strictly regular elements for Corollary 6.3 we
shall need

3.1 Lemma. u € is strictly regular if and only if uuu =0 and u €
Range L

u

Proof. Clearly strictly regular elements have the desired properties.
Conversely, if v €M with vau = u, (1) implies for all y e, yL, w= 2(y, wu, so
u is strictly regular.

We have the useful

3.2 Corollary. If 9]%1 is a simple subsystem of the simple system I, u e?ﬂll
is strictly regular in 9]{1 if and only if it is strictly regular in M.

Proof. The lemma clearly implies if « is regular in ‘ml it is regular in I,
Conversely, if it is regular in T, either » emluu or mluu =0, the latter being
impossible by Corollary 2.5.

We call ! reduced if M contains a strictly regular element z In such a
system one can show by straightforward calculation, using (5) and (1) repeatedly,
that for w € with (w, u) £ 0, v = 3uL,, , +6(u, ww + (u, W)~ Y, wwwdu is a
strictly regular element in I satisfying (4, v) = 3(u, uLw'w) + 6(u, w)? =
12(u, w)2 £0. A pair of strictly regular elements are supplementary if (u, v)=1.
After replacing v in the above argument by a suitable scalar multiple we have

proved

3.3 Theorem. Let I be a simple FTS. Then M is reduced if and only if M

contains a pair of supplementary, strictly regular elements.

3.4 Corollary. M is reduced if and only if T contains an element x with
q(x) = 1282, B e F*.

Proof. If u, v are supplementary, strictly regular elements, g(u + v) = 12.
Conversely, if g(x) = 1282, direct computation using (1) shows (8=!/12)(xxx) +
Yx =u, (=B~ 1/12)(xxx) + Yx = v are strictly regular with (u, v) = - 8. After
suitable scaling, we see that 1 contains a pair of supplementary strictly
regular elements.

3.5 Corollary. If F is algebraically closed, every simple FTS over F is
reduced.

In studying the groups related to 1 in $7, we need
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3.6 Lemma. If x €Ml satisfies q(x) = 1282, x is uniquely expressible as

the sum of two (nomorthogonal) strictly regular elements.

Proof. The elements u, v of the proof of Corollary 3.4 give one pair of such
summands. If x = «' + v' is another such expression, («', v') = a, direct
computation yields z' = %x — (a™1/12)(xxx), v' = %x + (= !/12)(xxx) and thus
a= 1 f, which yields the uniqueness.

In the case F not algebraically closed we have

3.7 Corollary. Let x €1, q(x) #0, M = Fx + Flxxx). Then N contains
either zero or two elements (projectively) with www = 0. If such elements exist

they are strictly regular and span the space ﬂx.

Proof. Let Q be an algebraic closure of F. In Mg we have x =u + v, u, v
supplementary strictly regular elements spanning (I ) . Moreover, g(au + Bv) £0
if a8 #0, hence (au + Bv)(au + BvXau + Bv) £ 0 unless @ or B =0. Thus at
most two such w exist and they are strictly regular. Moreover, if x + axxx € Wx
is strictly regular, a = i’B"l/() where g(x) = 12B2 (in @), hence B € F and
x — axxx €1l  as desired.

We note that if one considers the FTS Il obtained from the system of
Freudenthal [7] by symmetrizing the ternary product, the strictly regular elements
turn out to be precisely the elements of the manifold related to the group E,.
Also, it is a consequence of Corollary 6.2 that the rank one elements of the
symplectic algebra used in the study of an E, geometry [3] are precisely the
strictly regular elements of the symmetrized algebra.

4. The Peirce decomposition of a simple, reduced FTS. If uy, u_, are

supplementary, strictly regular elements of I, (1) and 5) imply

6) xLil’u2 ==30x, udu_, +3(x, u_)u, +x.

Thus on (Fu, $Fu_1)l we have Lil.uz =1d, so (Fu; ® Fu_l)l= neM_,,

where S)Jl( is the eigenspace for the eigenvector € of L Moreover, since

upu-1’
(=, ) is nondegenerate and its restriction to Fu, @ Fu_, is nondegenerate,

we have

W:FuIQFu_l$ the.%l_ =.5D?2®§m_2® §Ull®9ﬁ_

1 1

since (5) implies Fu,_ is the eigenspace for L with eigenvalue — 2e.

ul,u-1
A2’ and the fact that (-, -) is skew imply that all Peirce spaces are totally

isotropic. The nondegeneracy of (-, _>|‘Dt - then implies dim M, = dim n_,.
For e= *1 we have ! -
4.1 Lemma. (i) Fmgngm_z( C ?D’tf;
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(ii) wzgngmu = }m—cmszc = {o};

(iii) MM, = {0};

Gv) RAM_, CcM_;

(v) TR_A, My

(vi) RAD My

(vii) {AM_ D .

Proof. (i) is direct from the definition while (ii) follows from the definitions
and the orthogonality relations among the Peirce spaces. For (iii) we expand
xyt_, using exuju_,)=x_and (1) to obtain 4e x u_x = 0. Since (1) also
yields (xxuJuu_, =- exxu) we have (iv). (v) now follows directly from A2’
the preceding results and the orthogonality relations. (vi) again follows from an
expansion of x x %  using €x =x u u_,, (1), the orthogonality relations and
previous results. (vii) is then a direct consequence of the orthogonality relations.

From (v) we obtain immediately, by taking inner products with u, and using

A2,
(7) xt,y_eu_£=-—(x(,y_£)u_€.

For the coordinatization theorem of §5 we need a means of identifying the
spaces ?Ull and ?m_l in a manner consistent with the forms g( - ), (-, -). We
define #: I, — M_, as follows: if, for all y €My, (uy, yyy) =0, let @y, -, a,
be a basis for ?Dll, a{, cee, a': a dual basis for ﬂR_l relative to (-, -) and
define ¢ by at=2a/; if there is y € I with (u, yyy) = A £ 0, define ¢ by

at = — l/2ayu1 + %)\'l(ul, yya)yyu,. We then have
4.2 Lemma. Forall a, b 6?1]21,
(i) (a, bt) = — (at, b);
(ii) (u_,, atatat) = (1/12)\Mu,, aaa);

(iii) t is nonsingular,

Proof. (i) is immediate from A2’ in the latter case and from the definition
in the former.

In the case y exists with (#;, yyy)= A £ 0 one can use A2’ to obtain
((uya)u,ya)u,ya), u_,) =(u;, (u,ya)u,ya)u_,)ya) and then expand
((u,ya)(u,ya)u_,)ya using (1), A2', (7) and the orthogonality relations to obtain

(u ya)(u,ya) (u ya) = (- 6(yaa, u;)(yya, u) + @/3)yyy, u)(aaa, uMu_,

for all @ € Il,. Linearizing yields

(}ulya) (ulya) (ulyb)
(8) = (- 4(yab, u ) (yya, u|) - 2(yaa, up) (yyb, u)

+ Q3 yyy, u)(aab, u )u_,.
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(ii) then follows by direct computation with repeated use of (8). In this case also

we derive from (1), Lemma 4.1, and the orthogonality relations 3(yyx)uy =

2Quy, yyy)x forall x € §m_l. Thus L,

to M_,.
As a consequence of (ii) and (iii) in the case (yyy, ;) #0, we have

(u_l, bbb) = 0 for all b € Sm_l if (yyy, u;) =0. Thus (ii) and (iii) follow trivially

in this case.

Ly is surjective, hence bijective from I

Since yt £ 0 for y as above, we thus see that ¢ is also bijective.

4.3 Corollary. For t as above, x, z € Wll, (xtztu__l)t =(- A/lZ)(xzul).

Proof. In case (z;, yyy) =0 on I, the nondegeneracy of (-, —) and the
fact that Wl, sm-l are dual relative to the form imply both sides are zero. In the
remaining case, it suffices to compute inner products with all w € ?IRI, but by the

lemma
(w, (xtztu_l)t) =— (wt, xtztu_l) = —(u_,, xtztwt)

= (= M12Xu,, xzw) = (= M/12Xw, xzu,) as desired.

1’
We note finally that (1), Lemma 4.1 and the orthogonality relations yield

(9) (xxul)u_l(xxul) = (16/3)(u], xxx)x for all x € SIRI
and

(10) xxy = 2(y, x)x — 1/z(xxul)un_ly for x € M, y € §m_1.
5. Coordinatization of simple reduced FTS’s. Using the results of $4 we

prove, in a manner analogous to that in (11,

5.1 Theorem. Le: M be a reduced, simple FTS over F. Then M = M)
(see S1) where X is
(i) the quadratic Jordan algebra of an admissible cubic form with basepoint,
or

(ii) the quadratic Jordan algebra of a nondegenerate quadratic form.

For proof, we show that the Peirce space ?Uil can be endowed with the
structure of a Jordan algebra of one of the above types in such a way that the
map ¢: au, + Bu_, +a+ bt — (a,B,a,b), t as in $4, is an isomorphism of
triple systems. In particular, it will suffice to show ¢ is an isometry relative to
both the skew bilinear forms and the quartic forms (see Lemma 6.6). As in $4
we begin with a pair (ul, ”-1) of supplementary, strictly regular elements and
distinguish cases: (i) (uy, xxx) =0 on M, (ii) (z), xxx) £0 on M. In case
(ii) we pick y € ?DII with (#;, yyy) =12A £ 0 and in case (i) we set A =1. Using
t as in $4 we define T(a, b) = )\'I(a, bt) and N(a) = ()\'1/12)(141, aaa) on Wll.
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The nonsingularity of ¢ and nondegeneracy of (-, -) imply T( -, -) is nondegen-
erate and Lemma 4.2(i) implies it is symmetric. We can thus define a commutative
product on M; by T(a x b, ¢) =6N(a, b, c). Lemma 4.2 and the nondegeneracy of
T(a, b) yields a x b = - (A\™'/2)atbtu_ 1)- Together with Corollary 4.3 this
implies (2 x a) x (a x a) = 8N(a)a.

Defining a® = Y4a x a we thus have a”# = N(a)a. Moreover, in case (ii) a
straightforward calculation using the form of ¢ yields T(a, b) = - d,9, log le.
Since by definition N(y) =1, M,(N, y) is a quadratic Jordan algebra of the cubic
form N, basepoint y [10].

In the first case we consider Il as Jordan algebra of a quadratic form Q with
basepoint @, where Q is defined as follows: let * denote the mapping a,a, +
Ei>1aiai —aa, - 2i>laz’ai and set Q(a) = %T(a, a*). The Jordan trace form is
then just T(a, b). In this case we clearly have N(a) =a” =0 for all a € ?Dll.

An inspection of the known orthogonality relations, (10), Lemma 4.1 and the
definitions yields, for x, = d.u) + Bu_, +a,+bt, (x|, x,) = a B, - B, +
MT(a,, b))~ T(b,, @),

qx)) = 12(- 4A°T(a, b)) + 4ha | N(a ) + 4N?B NGB ) + \T(a b)) - a,B))).

Replacing the pair (u,, u_,) by ()\‘lul, Au_,) (which again are supplement-
ary, strictly regular elements) we may assume A =1 so a comparison with the

forms of §1 yields the result.

6. Uniqueness of the coordinate algebra. An element x € Il is rank one if
L, . has one dimensional image. Among the rank one elements are the strictly
regular elements. In this section we determine the form of all rank one elements
in I(3), I= 3N, 1), and use the result to study the coordinate algebra in an
arbitrary reduced simple FTS.

The results of Springer [11], [12] show that if dim &> 3, = SN, 1) is
either central simple of degree 3 or of form J= Fe + ), J; the Jordan algebra of
a quadratic form Q, [10]. We need the following facts about these algebras.

(11) If a” = b =0, there is c € S with ¢” = 0 such that (@ x ¢) x b £0.

(12) If 04 a €, dimax ¥>1.

For algebras Fe + J,, (11) and (12) are consequences of elementary com-
putations using the explicit form of a” (given e.g. in [10, p. 506]). For central
simple algebras, (12) follows from 1.1(a) of [4]. For (11), since a # 0, a" =0,
3 must be reduced, hence spanned by elements ¢ with c? = 0. It thus suffices
to show (a2 x ) x b £ 0. For this we can clearly use a field extension argument
to assume F algebraically closed, hence ¥ split. The transitivity of the norm
preserving group on {c € J|c” = 0}, together with the easily established fact that
(€, xJ)xb#0 for 04b €S, e denoting the first diagonal idempotent in a

coordinatization of ¥, gives the result.
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We can now establish

6.1 Lemma. Let § = (N, 1) be as above, dim I > 3. x € W) is rank one
if and only if x = (a a_jp.ap,a ) a, €F, a, € X where either
(i) for some e, a, ;éO and a, = a"la“ T A= a;’zN(a_e) or
(i) a;=a_, _0, al=0 and if a_6,1.0, a =(a_,xz_.), some z_ €3.

Proof. The results of §5 imply #, =(1,0,0,0), «_, =(0, 1, 0, 0) are
supplementary, strictly regular elements in J(J) and the related Peirce spaces

are 93126 =Fu_,, M =(0,0,3,0), N_,=(0,0,0, F). Using the resules of $4

to evaluate products we obtain
(13) u_xx =B, B_15 65 6_))
where

B_e =4ea,a_ -2eTlay, a_|), B, =-2eal,

b_,=-2a.a_, b, =2e(a,a, —Zaif),

(14) c xx—(Blv B_ l’b-x)

where

B-e =—26a_€T(a ) C¢ )+12£N(c ,ac), ﬁe =25a6T(cE,a

),
be =2¢(ao_c -Tla_,, cla, -Ta_, ae, +2a, xc)xa_),

€ €
xcf)), c, €§m€.

—€

b_o =2eQa(a, xc )+ Tl ,a_)a_, - 2(a"

€ -
Assume now L has l-dimensional image.
Casel. a,a_, #£0. Then u

1
Equating the components from It

_eXx=v # 0, hence Cexx =pv, p €F.

_¢ then yields - (pae +Tle,,a_Na_, =

c,xQaa, - 2a" ¢)- (12) then implies a, =0, one of the desired
condmons Moreovet, we have a, =0 if and only if a_, =0 and since x =
a,uy + a_,u_, clearly does not satisfy the condition on Lx'x, a #0, e=t1,
The above equation also yields p=-aZ lT(c‘ , a_() so, equating coefficients
of u_, in (13) and (14) we have, for all c,, c €, ZGOL;IT(c(, a_JT(a,a_) -
4ea_,T(c,a_J)=-2ea_T(a_,,c,)+4eT(c,, a:). The nondegeneracy of T( -, -)
and az =a_ca_,imply 3a_.a_ = a;’lT(af, a_Ja_, = a;‘rla:elT(af, ag)a_f =
3a_'_€la€'lN(a‘)a_€ which completes the proof that x is of type (i).

Case2. a #£0, a_,
immediately u xx =0, hence T(a,,a_.)=0, a =0.

The argument from Case 1 also ylelds aa, = a" . Since in this case

-€
Na_)=(0U/3)a,T@a_,a)=0, x is again of type (i).

=0. Analyzing the Peirce components of u, XX gives
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Case3. a, =0, e= t1. Clearly rank x =1 implies either u xx =0 or
u_xx=0so T(a,,a_,)=0. If a’ ;é 0, mL,  =F(,0, ail, 0), but then
analysis of ¢, xx yields Nlc_,,a_,,a_,)=0 for all ¢ €3, hence a¥ | -0,

a contradiction. Arguing similarly we obtain a;' = 0. Equating Peirce coordinates
Ja_,=Ta,c_Ja_,-2(a_,xc_J)xa,. (11)
= a( X (a_( X C—t') =

€
then implies that for suitably selected ¢ with ¢ =0, a

of ¢4 xx thus yields pTlc,, a_

-€

a,xz, as desired. If a__=0, the conditions are satisfied by z = 0.
Conversely, if x has the form (i) or (ii), a straightforward calculation using

(13), (14) and well-known identities (e.g. [4, 1.1-1.6)) relating T( -, =), N(-)

and x yields in each case yxx = 2(y, x)x for all y € (F) so x is rank 1.

6.2 Corollary. If 3= 3N, 1), dim § >3, x € M is strictly regular if and

only if it is rank one.

Proof. We have already observed that strictly regular elements are rank one
and the final observation of the proof of the lemma, together with the lemma,
implies every rank one x satisfies yxx = 2(y, x)x, hence x is strictly regular.

Corollary 6.2 is false if J is the Jordan algebra of a nondegenerate quadratic
form,as x =a; +b_,, T(a, b) =0, is easily seen from (13) and (14) to be rank
one but not strictly regular.

6.3 Corollary. If T is reduced, simple, T is spanned by strictly regular

elements.,

Proof. It suffices to assume = W3). If T = J(N, 1), a density argument
shows J is spanned by elements a with N(a) #0. T(S) is then clearly spanned
by {ul, u_ }U faA t,It\ € F} where W is as in Lemma 6.1/i) with a,=A,
a_.=a. If dim 3 >3, a, PR stnctly regular by Lemma 6.1. If dim 3 =1or2,
J is isomorphic to a subalgebra of an algebra 3(N c) 3 of dimension 3.
Corollary 3.2 then implies a, . is strictly regular in I(3). If Jis Jordan
algebra of a quadratic form, a,, ..., a_ a basis for J, I3) is spanned by
{ul, u_y, (0, 0, a; ,0),(0,0,0,a )¥ where the latter elements are seen to be
strictly regular in W(%) by 1mbeddmg M) in W(S) 3 <;\ﬁ(N 1) by Lemma 1.1
and applying Lemma 6.1 and Corollary 3.2.

6.4 Corollary. If M is simple, x, y € N strictly regular, there are strictly
regular elements x = x, x,, ..., x, =y such that (x, x, ) £0.

Proof. By recoordinatizing we may assume x = up,y=(a,a_,a,a_,).
If a_, #0, n=1 suffices. If a;#0, n=2, x; =u_, suffices. Thus we
assume @) =a_,=0. If a_; #£0, pick b € Jsuch that T(b, a_,) # 0. For
suitable choice of A, b _1 =%, n =2 suffices. Finally, ifa -1 —0 a, # 0 there is
¢ €3 such that T(c, a )— 0. Taking x__, =c, 1,1 yields (x _,, xn) #0 and
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by the above arguments x, i <= -1, exist satisfying the conditions.
Suppose now I is reduced, simple, u;, u_, a pair of supplementary strictly
regular elements. The Jordan algebra structure coordinatizing M (§5) is largely

determined by the trilinear form N (a, b, ¢) = (u,, abc) on the Peirce space

up,u—1
th. As a step in proving uniqueness of the coordinate algebra we have

6.5 Lemma. Let (u;, u_,), (v, v_,) be supplementary pairs of strictly

regular elements in M. Then Nul «_ IS equivalent to a scalar multiple of

-1

vy, v—1°

Proof. We consider first the case u; = v,. For this, we note that the
results of §4 imply that (Fu)t=Fu, ® M, & N_,, M, in the Peirce decompo-
sition relative to (#,, z_,). The cubic form N(x) = (u;, xxx) on (Fuy)* has
radical (= 1{y| Ny, x,x)=0 Vx € (Fu )Y Fuy + M_, by Lemma 4.1. The form

Notu_ (a b, ¢) on I, is thus clearly equivalent to the form induced on
(Fu, )l/Rad N by N. Since this latter form is independent of the strictly regular
is equivalent to N . We denote the
ul,u_1 ug,v-1

form thus by Nul. By definition of Nul it is clear that Nam1 = CLNul for

a € F*. Also, if ("1' "-1) are a supplementary pair of strictly regular elements,

element u_, it follows that N

Lemma 4.2(ii) implies N, . is equivalent to a multiple of N . Now if u; £ v,,
- 1

Corollary 6.4 implies there exist strictly regular ) =x, x,, .-+, x, =v, such

that (x, x, ;) #0. The above remarks then imply there exist @ , ..., @ in

F™ such that Nx, is equivalent to OLI.“N” v which gives the desired result.
1 14

We need also

6.6 Lemma. Let M, i=1,2, be simple FTS’s. ¢: M — I, is an
isomorphism if and only if q,(x¢) = q,(x) and (x¢p, yp), = (x, y); for all
X,y €§ml.

Proof. Since M. are simple, (-, -), are nondegenerate by Theorem 2.1,
hence A2 implies that the product is completely determined by the forms and one
direction is clear. If ¢ is an isomorphism, applying ¢ to A3, considering A3
for x = x¢p, y = y¢ and comparing when x =y yields q,(x¢p) =q,(x). If x £y,
we obtain, upon subtracting the two resulting equations, (y, x); —(y$, x@),)xpxpxch
=0 for all x, y. In particular, if y is fixed and x satisfies xdxpxcp £ 0,

(y, x) =(yp, xp). A density argument then implies this result is valid for all x, y.

We let Aut M denote the group of automorphisms of the simple system M,

G,(M) = {¢ € Hom (M, M| g(x¢p) = qlx) vx € M and
0,M ={p € Hom (M, M| (x¢, y$) = (x, y) V¥, y € M.

Then we have
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6.7 Corollary. Aut It = G (M) N O (MW).
We can now prove

6.8 Theorem. M(J) = M(R) only if there is p: J — & a linear isomorphism
such that Ny(an) = pNy(a) for all a €, some p € F*.

Proof. Let ul(ﬁ) =(1,0,0,0), u—l(i}) =1(0,1,0,0). Then ue(S) are
supplementary strictly regular elements in JM(F). If &: MF) — MR) is an
isomorphism, $(u(J)) = v, are supplementary, strictly regular in M(®) by Lemma
3.1. It is easily seen, for example from (14), that Nu1(3) = 12Ny, Nul(a) =
12N g, N, as in Lemma 6.5. Since ¢ must preserve Peirce spaces, it must map
(), onto the Peirce 1-space for the pair (v,, v_,). Lemma 6.6, together with

the definition of N thus implies Nu1 @) is equivalent to N Lemma 6.5

1(8)
then yields the desired result.

The converse of this theorem is proved in §7.

6.9 Corollary. If 3 is Jordan algebra of an admissible cubic form N with
basepoint ¢ and MWF) = MRK), § and ® are isotopic.

Proof. By the theorem there exists 7: § — & such that Nglan) = pNq(a)
for all @ € 3. In particular, this implies Ng #0, hence f is algebra of a
nondegenerate cubic form. The results of [10] (Theorem 2 and final remarks of

§4) imply that 7 is an isomorphism from ¥ to fltem=1),

7. Groups related to reduced simple FTS’s. In this section we study the
action of the group G(M) = {n € Hom (M, M)| q(xn) = pglx) Vx € M, some p € F*}
on the triple system Il. We call p the ratio of 7. In the case T =), &
exceptional simple, this is an algebraic group of type E, [1]. In an auxiliary
manner the group Q(M) = {n € Hom (M, M)| (x7n, yn) = 8(x, y) for all x, y €1,
some 8 € F*} also arises.

We note first, as a consequence of the results of $6

7.1 Lemma. If x € M is rank one, q(x, x, y, y) = Zaf, for all y €M, some
a, €F.

Proof. Since x is rank one and since strictly regular elements span I by
Corollary 6.3, for all y € I, yL, .= p(y)u where p is a linear functional on 0
and u=zL_ _ for some fixed, strictly regular z € . 1f wl g, WL, oY) =
-{w, yL, )=0 forall y €%, hence p(w)=0. This implies p(y) = B(y, u)
forall y €1, some B € F*, and p(z) =1 implies B =(z, u)~!. Now
q(x, x, y, y) =(y, yL, =<z u)~ Xy, u)? and (z, u) = (z, zLx’x) =qlz, z, x, x) =
(%, xLz‘z) = 2(x, z)? give the result.

7.2 Corollary. If 7 € G(M), 7 has ratio in (F*)2.
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Proof. Let u,, u_, be supplementary strictly regular elements in N so

iR}

q(ul, Uy, u_y, u_l) =2u_,, u1)2 =2. Since “‘rank one’’ is definable entirely in
terms of ¢ (q(u, u, x, y) =0 forall y €M, all x €N, N some n -1 dimen-
sional subspace) ;7 is rank one. By the lemma, q(u,m, um, u_ym, u_lq) =2a?

2

for some a. Thus ratio 7= a“ as desired.

If every rank one element in I is strictly regular we obtain a further result.

7.3 Lemma. If rank one implies strictly regular in I, G(M) C Q(M), and if
n has ratio p in Q(M), it has ratio p2 n G(M).

Proof. Let 7 € G(M)be of ratio p’. By the argument of the preceding
corollary, u strictly regular in I implies u7n rank one, hence strictly regular.
Thus 2z, y)? = q(u, w y, ¥) = p™ g (un, un, yn, yn) = 2p™ Xun, yn)? so (un, yn)=
tp(u, y) forall y €. Since forany y., i=1,2, (un,(y; +y,m)=1plw y, +y,)
= tpu, y,;) tp{u, y,), the sign is dependent only on u. We can thus partition
the set of strictly regular elements into classes X, ¢ = t1, depending on the
sign of p occurring. If (u, v) £0, u, v strictly regular, €, (u, v) = (un, vy) =
~(vn, un)=—¢€ (v, u)= € (u, v) so €, =¢ and u v are in the same class. In
particular, #;, u_, (for some given coordinatization) are in the same class, say
X - Moreover, the classes X, and X _, are orthogonal, hence every element of
X_, is of form (ii) of Lemma G.1. For such an element (0, 0, a, “-1) we must
have also (0,0, a,,0),(0,0,0,a_,) in X_, by an additive argument as above,
but the same argument implies U+ (0, 0, 0, a_l) € X_I, hence u, €X_l, or
u_y+0,0,a,0 €Xx_,,
follows that @_, =a, =0 and X_, = {0}. Thus the sign of p is constant for all

hence u_, € X_,, both of which are impossible. It

strictly regular u, all y € Jl. Since the strictly regular elements span I the
result follows.

In particular, Corollary 6.2 implies that the result of the lemma holds for
M = W), I the Jordan algebra of an admissible cubic form, a result analogous
to that in [3, Lemma 1]. The result is false, however, when J is Jordan algebra
of a quadratic form since in this case g(x) = 12B(x)? where B(x) is a quadratic
form. It is easy to show that there is T € Hom (&, I) such that B(xT) = AB(x)
forall x € M but (xT, yT) £ tAx, y).

It is clear that the results 6.6, 6.7, 7.2 and 7.3 remain valid when the trans-
formations in question are replaced by their semilinear analogues. The same will
be seen to be true of Lemma 7.5, though for brevity we restrict our attention to
the linear case.

We define now a particularly simple type of transformation from 91!(31) to
EUI(SZ) which preserves forms up to scalar multiples. Let 31, 32 be Jordan
algebras as in §l, Nl’ N2 rhe associated cubic forms and 7 € Hom (31, 32)
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such that N,(a7n) = pN,(a) forall a € J, some p € F*, 7 bijective. Let 7 be a
permutation on {1, —1} and A € F*. Define n* € Hom (3,5 3, by Tz(a, bn) =
T, (an*, ), T [{ =, =) denoting the trace form on 3. Clearly T (“77 , bn) =

Hy ' H1 s "y -1,1
T,(a, b) for all a, b €J,. We have also (an)"“ =pa 'g* , (ar) h =p n
and Nz(aq )=p lNl(a) since these are trivial if 31. are algebras of quadratic
forms and are 1.21 and 1.22 of [4] if 3, are algebras of cubic forms.

One can verify easily that the linear mapping defined by

1 -1 2
n,’;:ul—»)t P™ Uy u_y > ApU_

(15)
-1
a 1 (ar,* )(_1)", A€ F*,

al — A(aq)m,

satisfies ¢,(xn}) = Aqu(x), (xr,”, )’7l,7>2 = (I7m)Mx, y), for all x, y € WF,).
This gives immediately the converse to Theorem #.8.

7.4 Theorem. If there is bijective 7 € Hom (5, &) such that Nglan) =
pNg(a) forall a €%, some p € F*, then M) = MR).

Proof. Take 7); and use Lemma 6.6.
We also have half of the characterization of a class of elements of G(I(S)),

namely

7.5 Lemma. Let u,, €= t1, be the usual supplementary, strictly regular
elements in ). ¢ € GM) leaves invariant Fu, + Fu_, if and only if there is
n € Hom (3, J) such that N(an) = pN(a) for all a € S, a permutation w of
{1, -1} and X € F* such that ¢ = g

Proof. Clearly 7} is of the desired type. Suppose ¢ € G(l) leaves
Fu, + Fu_, invariant. ¢ is nonsingular since otherwise q(x, y, z, w) = (x, yzu)
=0 for some x, all y, z, w € M, which implies (Fx)! is an ideal in the simple
algebra M. From Corollary 3.7 we have, since ¢ € G(T), U =ptey, T a
permutation of {1, - 1}. Replacing ¢ by ¢, = ¢(l;)'1 we may assume u ¢, =
Pct- This implies q(x¢,) = (plp_l)zq(x), (x¢1, y¢1)=pp_{x M. For
A=p,p_, we have ¢, = ¢l(l?)'l is an automorphism by Corollary 6.7. Thus
¢, maps Peirce spaces onto themselves. Denoting by a, (cesp. “—1) the
element (0, 0, @, 0) (resp. (0, 0, 0, @), a €3, we define 1, € Hom (J, J) by
ag, =lan), . Again writing u ¢, = Pcue and noting p,p_, =1 we have p_, = pl'l.
Applying ¢, to u, + @, and evaluating 4( - ) yields N(a) = p,N(an,) and
similarly N(@) = p_ N(an_,). Since (aquz, _1$,) =(a,, b_,) we have
Tlan,, by_,) = T(a, b), hence n_y=m *~1 It follows 1mmed1ately that ¢, = 1),
where 7 =1,, hence ¢ = nll 1} - 17” as desired.

1'I'm
We now have

7.6 Theorem. Let (o u_y), wy, v_)) be supplementary pairs of strictly
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regular elements in M, M simple. Then there is ¢ € Aue M such that u ¢ =
*

PeVer P €F -

Proof. Replacing the pairs («,), (v,) by suitable scalar multiples (2'6),
(?f ) we can coordinatize M to obtain M= M(F), M = M(R) where J, & are
Jordan algebras with cubic forms (1 /IZ)N«l oo , /12)Nm1 3, fespectively.
By Lemma 6.5 there is 7: 3 f such that N (‘"I) pN4(a) for all a €, some
p € F*. The mapping ¢ = 1], is thus an automorphism with the desired properties.

7.7 Corollary. Aut N acts transitively on the set of strictly regular elements

(taken projectively),

Proof. The result follows immediately from the fact that every strictly
regular element can be embedded in a supplementary pair (see proof of Theorem

3.3).
7.8 Corollary. G() acts transitively on the set of strictly regular elements.

Proof. Immediate from Corollary 7.7 and the fact that ¢ € Auc M, p € F*
implies pé € G(M).

We denote by R(3) the subgroup of F* of all p such that there is 7 €
Hom (5, ) with N(an) = pN(a) for all @ € §. We then have

7.9 Corollary. The number of conjugacy classes of supplementary pairs of
strictly regular elements in W) under the action of Aut () is the index of
R(3) in F*.

Proof. If uy, u_, are the canonical strictly regular elements in (%),
Theorem 7.6 implies that any supplementary pair is conjugate to a pair
(Auy, AT lu_l). It thus suffices to determine the number of conjugacy classes
among these pairs. Suppose ¢ € Aut I(J), v, ¢ = p,u,. Lemma 7.5 implies
¢ = 7], and the fact that ratio ¢ =1 (Corollary 6.7) implies A =1, hence
P GR(S) If up=pu_, ul¢1(1 _1)=P_14y so p_; €R(J). Since p; =
p- l’ p € R( ). Thus (A, AL _1) is conjugate to (8,u,,8_ju_,) if and
only if A,87" €R(J).

Smce the results of §3 show that elements x with q(x) = 12 are uniquely
expressible as sums of supplementary pairs of strictly regular elements, Corollary
7.9 could also be phrased in terms of conjugacy classes of elements with
q(x) = 12. In the particular case I = M), I reduced, exceptional simple, the

fact that R(3) = F* gives as a special case the result of Brown [1].

7.10 Theorem. If < is reduced, exceptional simple, Aut M) acts
transitively on the set of x € WJ) with q(x) =12,
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8. Simple FTS’s over special fields. In this section we apply the techniques
of Galois descent to show that, over special fields, the FTS forms of M(J), §
exceptional central simple Jordan, are always reduced.

Using the usual terminology of Galois descent, if F C K are fields and i is
a FTS over K, and F-form of I is an F-subspace of W closed under the product
of I, such thac KM =N, dim,, M = dim 0. If K is finite Galois over F with
group G it is well known [8] that the f~forms’3f K are in one-one correspondence
with the homomorphisms 7: G — Saut M, Saut M the group of semilinear auto-
morphisms, where 7(s) is s-semilinear. The correspondence is given simply by
nHWn = {x ngm xrl(s):afb Vs € Gl.

If isan F-formof M, x € M, A3 with x = y yields (xxx)xx = g(x)x, hence
q(x) € F for all x € Il. This implies (y, xxx) € F for all y € I and that ¢
induces a nonmvxal quartic form on M. If ¢(x) #0, x and xxx are linearly
independent in 9R hence in I, so A3 implies (y, x) € F for all y € l. A density
argument then shows (-, --) induces a skew form on M and M is a FTS.

Let Il be an arbitrary FTS over F such that Mg is simple, © an algebraic
closure of F. Suppose B ¢ F*\F and x € Il with g(x) = B. Then WEK is
reduced, simple for K = F(8), B - (B/12)%, by Corollary 3.4. In fact, Lemma
3.6 shows that in ?UEK, x is uniquely expressible as a sum of strictly regular
elements «,, u_,. By the results of §5, for suitable 81‘ € K*, we can coordina-
tize My as M) relative to the pair 4y =8 u,, @ _ =08,u_,. The Galois
descent characterization of forms of WK shows that I is the fixed point set of
some semiautomorphism ¢ of period two on ‘.U?K. Since x¢p = x, u b - Pe 4 SO,
by the semilinear analogue to Lemma 7.5, ¢ - 7]7’; for some permutation 7 of
{1, - 1}, some A € K*, and some semilinear map 7: J — < such that N(ap) -
pN(a)* for all a € J, s denoting the nontrivial F-automorphism of K. Since ¢
is a semiautomorphism we must also have A . 17 by Corollary 6.7 and, since
#? I we have cither n? - lif w1l or g% - . nif w=(@1,-1).

If 7 I, @,¢ p, so ¢ -1 implies p,py - 1 and thus p, = “1y® for
some Yy € K* . ¢ thus fixes y° u which is strictly regular, hence §Ul contains a

strictly regular element and is reduced.
If 7/ I we have for ‘JRK (RY)]

8.1 Lemma. W is reduced if and only if there is a € 3, N(a) £ 0 and
& ¢ K* such that an . 8a".

Prool. 1f M is reduced, ¥ is spanned by strictly regular elements by
Corollary 6.3. Thus there is strictly regular y = (a, B8, a, b) € W) with a £0
such that y¢ = y. Since ¢ interchanges ;}', and '12'_] this implies 8 # 0 and
Lemma 6.1 thus implies & . 8a”, N(a) £ 0 which establishes the necessity of
the condition.
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Conversely if an=38a" (note that this immediately implies & is not the
algebra of#a quadratic form), (6°)"la = a”r]"l =- a“n*'l =- p'l(aT])# =
- p~18%" — - p~152N(a)a (using conditions relating 7 and # preceding (15),
$7). Thus p = — 8°8%N(a) and it is easy to verify that ¢ fixes the strictly
regular element y = (p87%, 871, - a, 8a") since n* = - 7 implies p° = - p.

An immediate consequence of the lemma is that, for suitably selected fields
F, there exist nonteduced, simple FTS’s. The simplest example involves
K= F(\/;), a quadratic extension of F with nontrivial automorphism 0. Let $
be Jordan algebra of a quadratic form over F and let 7= (I ®¢) act on RPS
The semilinear map ¢ = 7]()‘l -1y A=-1,p= \/,7, is a semiautomorphism of
W(SK) of order 2 which fixes a simple F-form It which cannot be reduced since
n is nonsingular and a’ =0 forall a € SK' A less trivial example occurs if F
is taken to be the rational function field Q(x,, x,, %3, x.), K= F(\/:_i ). The
semilinear map C(s) given in [6] acts on a split exceptional algebra & over K
and has property aC(s) £ &(a x a) for all a € J, N(a) £0. Thus the semiauto-
morphism n();,-l)’ A=-1, n=+/=1C(s) defines a nonreduced F-form of M.

We have finally

8.2 Theorem. Let M be an F-form of a FTS WS), I exceptional simple.
Then N is reduced if F is finite, real, p-adic, or algebraically closed.

Proof. The algebraically closed case is just Corollary 3.5. In the remain-
ing cases pick x €l with q(x) = B£0. If B/12 is a square, ! is reduced by
Corollary 3.4. We thus assume K = F(B), B =(B/12)%, is a quadratic extension
of F such that M = §Ul(§‘), § an exceptional Jordan algebra, and such that
X=up+u_y, 'z}“e the canonical strictly regular elements (see above remarks).
M is thus the fixed point set of a semiautomorphism 7]7); as above. If 7 is the
identity, M is reduced. Thus we assume 7=(1,-1), A==1, p*=-79. It
suffices to show that, for the given fields, such an 7 always satisfied the con-
ditions of Lemma 8.1. For this we replace 7 by Eq = ; to obtain ;]-* = ;]—and
observe that precisely this result is proved in [6, Lemma 3 and preceding
statements and proof of Theorem 5].

Note. The theorem is also true if F is an algebraic number field. A proof
of this fact will be incorporated in a forthcoming paper by the author on class-

ification of Lie algebras of type E.,.
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